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Decomposition of a signal

Exponential Fourier series

X(t)= > X e 0<t<T a,=27/T =24,

N=—o0

Maybe samples of a signal will be enough?

A

x(t)— lowpass signal being sampled
o, — X(t) bandwidth

x(nT )—sequence of signals samples
: >

- Kotielnikow — Shannon series (sampling theorem)

X(t)=> " x(nT)Saw,(t-nT) T =r/w,

N=—00
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Dirac delta - sampling property

x(t)—signal being sampled

_

x(nT )—sequence of signals samples

x(nT )s(t—nT)- Dirac

>
Dirac delta concept makes possible to analyze signal samples
{x(nT),n=0, £ 1, £ 2...} in the spectral domain as a specific

signal x4(t).
(other tools are Z-transform or Discrete Fourier Transform).

I{x(nT),n=O,J_r1,i2,...}—>xs(t):nix(nT) (t—nT)= ()Z§(t nT)

X (t) & Fix (1) = X, (@)
3
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Dirac delta - special Fourier transforms

x(t) = const X(t) = cos ayt
x(t)=1(t) x(t) = sin a,t
x(t)=son(t)  x(t)=1(t)cos oyt

Energy=E = f x(t)dt = oo

Signals x(t) are not directly Fourier transformable because
of the infinite energy E.

Signals x(t) are often used in signal processing modeling,
therefore, it would be recommended to find
their Fourier transform (for its integrity).

Dirac delta concept makes possible to extend

a class of Fourier transformable functions.
4
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Dirac delta -
sampling property

e /2 {
. >
t=0
leference quotient  lim J' o (t)x(t)dt —Img = +g//22x(t)dt —
E—> OOg E—> E &
\
X=X ~ < L im <+€/2> XE2/2) _ y(0)= x(0)
indefinite integral ¢—0 g

jim [~ 2 (Ox()t jw[llmln()} (0= s(e(ept=x(0)

&—0 J—0 E &c—0 E

~/ g sampllng property

5(t)



Dirac delta (other pulse sequences)

Sequence of triangle pulses

%A ()
7/ Sa(st)

Sequence of sampling pulses

1 1
Lo 4
I
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Dirac delta (other pulse sequences)
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Sequence of Gaussian pulses

Dirac delta can be defined using

a sequence of pulses of any shape provided:
- pulse is getting higher as its width €0,

- pulse ,area” is normalized to unity.

7
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Sampling (sifting) property of a Dirac delta

X(t)—> [ s(t)x(t)dt =x(0)

[~ ot —t, x(t)dt =x(t,)

Expressions including Dirac delta
can be processed in a common manner.

X(t, ) X(t)

t:to 8
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Sampling property of a Dirac delta

X(t)—> [ s(t)x(t)dt =x(0)

b (X(to ), i, €|
[ o(t—t, )x(t)dt = 0 g
[y O

i S(t-t,) i ¢

a t=t, b

a,b

ab

9
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Other properties of a Dirac delta

Dirac delta convolved |
5(t)+x(t)= [~ 8(z)x(t—r)dz =x(t)
S(t—t,) = x(t) = x(t-1,)

Product with a Dirac delta
wArea” under a Dirac delta Ix(t)5(t _t, )dt _ X(to):_[x(to )5(,[ _t, )dt

[" s(t)t=1 x(t)o(t—t,) = x(t, )5t ~t,)

J

~
either transposition is correct

- Dirac delta is . Dirac delta & unit step
an even function

. 5(-t)=o(t) [ s()z=1() )
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Fourier transform pairs with delta pulse
Fiot)}= fw o(t)exp(— jat)dt =1= const

Delta pulse
5(t) 1

Dc component
1 276(w) |
Harmonic excitation (complex)

exp( jart) = cosayt + jsin axt <> 276(w— )
Unit step

1(t)=1+1sgn(t) sgn(t) <> 2/(jo)

am 100 m0)+Y(jo)
Fisgn(t)}=?=

https : //www.tutorialspoint.com/fourier - transform - of -signum - function




Fourier transform pairs with delta pulse

Harmonic signals

exp(+ jayt) © 278(0— w,) N
exp(— jayt) & 218w+, )|~

Cos st <> 7|0(w— @, )+ O+ w, )]
sin wt <> —jz|d(0—w,)- 5o+, )]

In the frequency domain

‘ | Harmonic signals are represented
by a discrete line spectrum.

Ve

12
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Impulse response of a filter revisited

X(t) , y(t)
X (joo) Y(jo)=H(jo)X(jo)

h(t)(—) H (ja))

Impulse response
y(t)=h(t)=x(t) of a filter - why?

Impulse response of a filter

ja))= H ja)) Is equal to its output signal
when a filter is excited by
) a Dirac delta pulse.

St y(t)=h(t)< H(jw
G ey ITCRLOBRIE




Comb delta

5.(0)- 3" s(t-n)

RENEE

s(t—nT) ]

Exponential Fourier series of the comb delta:

5 (t)=>" &t-nT)=

WORK IN \

- 1 \PROGRESS/

_ — N\ jnayt _

=c Zn:_we @, =27/T |
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Comb delta

= %Z::_Ooejnwot o, =27)T

N
50=2Y0 ™ oL so-no,)

Time comb delta and its Fourier transform are equal except
to some constants. 15
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Signal sampling with comb delta
+Z:x(nT)5(t—nT)

nT

The comb delta models signal sampling:

X(t)=>"  x(nT)s(t—nT)=
()Y st-nT)=x(t)s; (t)
5 (t)=>" o(t-nT) .
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Sampling theorem

| > x(nT)s(t—nT)

N X(t)=>"  x(nT)s(t-nT)=
()Y st-nT)=x(t)s; (t)

R

nT
X,(0)=F i 0} = F x5, (1) == X (o) Flo, ()} -
=£X(w)*%5@o(w)=%2w X(o-na,)
o, =27/T
KoY X(o-na,)
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Critical (Nyquist) sampling

1

Xs(t)<—>—Z:oo X(a)—na)o)

T N=—o0

Ideal low- X (a)) Wy = Oy = 2X @,

pass filter \

>
Wy \wo

Sampling the lowpass signal at a frequency equal to the doubled
signhal bandwidth makes possible to recover signal from its
samples via ideal lowpass filtering.

18
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Oversampling

oY X(o-na,)

W, > Oy = 2X 0,

Ideal low- X (o) oversampling

pass filter \

l Q fxx@A |
=

Wy

Sampling the lowpass signal at a frequency higher than the
doubled signal bandwidth makes possible to recover signal from
its samples (while providing frequency separation gaps of

spectrum sidelobes).
19
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Undersampling

xs(t)eTiZ::_ooX(a)—na)o)

ldeal low- X(a)) - aliasing
pass filter \ -7

W, < W\ =2X O,
(a)) undersampling

>

Sampling the lowpass signal at a frequency less than the doubled
bandwidth introduces distortions because of overlapping of
spectrum sidelobes (spectrum leakage, aliasing).
20
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Recovering signal from its samples

[
Ideal low- X — _
geion: X0 (@)= E X (o)

L ]
) L
A
" ’Q
P *
* TQ
0‘ ...-I

The analogue signal (bandlimited to @, = 22f,) can be exactly
recovered from its samples (uniformly spaced in time with

frequency 2f,) by passing the samples through an ideal
lowpass filter with a bandwidth f,..

21
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>

X(t anT)S (t T) ian)Saa)bt nT)

N=— N=—o00

Wy = Oy =20 = — ;0 = ”/T 22
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Recover'mg signal from its samples
s(t-nT) TIL, b( )
Sa(Wt)<—>WH2W( o) -
TI,,, (@) > hit)=Sa(z/T)
{Zx (nT)s(t—nT) }*Sa(ﬂt/T)
]



Transmission of a sampled signal

apparent paradox
X (a))

(

t nT
Lowpass

1 ‘ transmission

T T channel B =1,
The minimum bandwidth of the lowpass transmission channel
has to be equal to W = @, in order to avoid signal distortions.
- However, it follows that the signal transmitted in the channel instead of
being atrain of equispaced samples is the original, analogue signal.
The paradox makes us doubting whether to use signal sampling
for a single signal transmission.

23
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TDM - Time Division Multiplexing

X ‘_090 — 2a)b
//‘ \

0y = 200, X, [1LPF c
\ \

1

[

synchronization

\‘I \
' a
Xy o] Xy X [ILPF L ANIP Xy,

Lowpass transmission

z(n%)&(t—nT) channel B =Nf, Z(’[)
N
1
< > fb

(2f,)N

The signal transmitted in the channel is an analogue, composite si
z(t) which equispaced samples are equal to samples of original sig
X1y XpgeeeXp-

The channel bandwidth necessary for transmission of the comfos
analogue signal z(t) is equal to B = Nf,.. 4
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Time Division Multiplexing - example

Bandwidth of two signals x,(z),x,(z) 1s limited to 4 kHz each. The maximum frequency of the
third signal x,(z) 1s equal to 8 kHz. The signals are sampled in the commutator as shown n

the figure being converted to the TDM signal; the commutator frequency equals to 16 kHz.
Lowpass filtration of the TDM samples in the ILPF produces the analogue signal y(z).

Q1. Determine the frequency of samples in the TDM signal.
Q2. How much is the bandwidth B [kHz] of the filter ILPF and so the signal y(z)?

Q3. Compare the bandwidth of the signal y(¢) to the total bandwidth of the three signals

xl(t),xz(t),x3(t).

Q3. Redesign the commutator (more contacts and/or another commutator frequency) to
achieve a smaller bandwidth B [kHz].

x(t)
I"—-...s‘\
h Y, oM v
L e ——ipF | —
Y .
x(t) S ) BlkHz=?

25



Pulse Amplitude Modulation (PAM)

Instantaneous sampling /\
T \PROGRESS/
(pPAM(t) | N~ |

\<._‘_./ Il
s=1/T,
t
o T 2, 3§, 4, 5%, 6L 7h,
Find the Fourier transf N 3
of the pam signal. Pean(®)= 2 X(ITo)m (t=1To)




Ms

8

M

Pon (1) = (007, (1)}, ¢)

XPAM(a)):TSa% XS( ) gSa%ZZOOX(a)—Ia)O)

e=1/T,

PAM - instantaneous sampling
spectral analysis
Pomalt) = L AT, (11T,)
Do (1) = 2 X(ITo J3(t = 1Ty )+ (1)
I Oraal0)={ EAT (-1, o, 0
T



Pulse Amplitude Modulation (PAM)

Natural sampling (keying) ,
Pepnll) . 9

\\*4’/
—»—ri
e=1/T,
t
0 T 2T, 3, 4L, ST, 6, TN

Find the Fourier transform _ _ _
of the PAM signal. Poam (t) = c()X(0) X(t)znr(t IT,)




PAM - natural sampling — spectral
analysis
The carrier signal Is periodic; its Fourier series Is given by:

c(t) = 282 Sa(lme)cos(lwpt)
=0

Natural sampling is given by:
@pam(t) = c()x(t)

@Ppam(t) = Zez Sa(lme)cos(lwot)x(t)
=0

Fourier spectrum of natural sampling is given by:

X opn (@) = glioSa(I e )X (0 —lw,)

o, =27/T,;e =1/T,

29



Summary

* Several signals of practical interest does not fit
the condition of limited energy to be Fourier transformable.

* The concept of the Dirac delta function makes possible to
determine Fourier transforms of some signals carrying
unlimited energy.

« The Dirac delta assignes to a signal its sample.

« The comb distribution (a sequence of periodically repeated
Dirac deltas) is useful when modelling a signal sampling
process and deriving a sampled signal spectrum.

« Signal sampling has to be performed at frequency
equal to a double signal bandwidth.

* Proper signal sampling does not result in aloss of intersample
signal values; an ideal lowpass filtering is sufficient for a signal
reconstruction. 30
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Set of orthogonal Sampling functions

Set of orthogonal Sampling functions:
{Sam, (t—nT):n=0+1%2,...;0, = 7/T}
Orthogonality over the interval (-, +o):
Saw, (t—kT) L Sam,(t—nT)<

& fw Saw, (t — kT )Sam, (t —nT )dt =0

The proof is based on the Rayleigh theorem:

Sam, (t—kT) o iHZ% (w)e ™

W,

Sa, (t—nT ) 11, (w) "™

a)b 31

»wolgnals & Systems” ©Zdzistaw Papir



Set of orthogonal Sampling functions
foo Sam, (t —kT)Saw, (t—nT )dt =

2y, )e JkTwHZa}b( )eJndea) o

Za)b

T,k=n
[ eI e ~Ta(n—K)r {
2(0b 0,k #n

The Kotielnikov-Shannon series:

X(t)=>" x(nT)sa il ; ) _ > x(nT)Saw,(t—nT)

o, =7x/T

IS a Fourier series over a set of orthogonal sampling
functions; Fourier coefficients are equal to signal samples.

32
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