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Decomposition of a signal
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Exponential Fourier series
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Dirac delta  - sampling property
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  sampled being signaltx

T
    (spike) pulse Dirac -nTtnTx 

Dirac delta concept makes possible to analyze signal samples

{x(nT), n = 0, ± 1, ± 2…} in the spectral domain as a specific

signal xs(t).

(other tools are Z-transform or Discrete Fourier Transform).
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Signals x(t) are not directly Fourier transformable because

of the infinite energy E.

Signals x(t) are often used in signal processing modeling,

therefore, it would be recommended to find

their Fourier transform (for its integrity).

Dirac delta concept makes possible to extend

a class of Fourier transformable functions.
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Dirac delta – special Fourier transforms
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Dirac delta (other pulse sequences)
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Dirac delta (other pulse sequences)
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Sequence of Gaussian pulses

Dirac delta can be defined using

a sequence of pulses of any shape provided:

- pulse is getting higher as its width ε,

- pulse „area” is normalized to unity.
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Sampling (sifting) property of a Dirac delta
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Other properties of a Dirac delta
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Product with a Dirac delta
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Fourier transform pairs with delta pulse
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Harmonic signals
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Fourier transform pairs with delta pulse

Harmonic signals are represented

in the frequency domain

by a discrete line spectrum.



Impulse response of a filter revisited
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H(s:=j)
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Comb delta

„Signals & Systems” Zdzisław Papir

t

 nTt 

   



 nTttT 

   

Te
T

nTtt

n

tjn

nT






2,

1
0

0 














Exponential Fourier series of the comb delta:

14



   

Te
T

nTtt

n

tjn

nT






2,

1
0

0 














   









nn

tjn

T n
T

e
T

t 0

21
0 


 

    00tT

Comb delta

„Signals & Systems” Zdzisław Papir

,t

   





n
n 00


   





nT nTtt 

15

Time comb delta and its Fourier transform are equal except

to some constants.



Signal sampling with comb delta
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Sampling theorem
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Oversampling
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Sampling the lowpass signal at a frequency higher than the 

doubled signal bandwidth makes possible to recover signal from 

its samples (while providing frequency separation gaps of 

spectrum sidelobes).
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Sampling the lowpass signal at a frequency less than the doubled

bandwidth introduces distortions because of overlapping of 

spectrum sidelobes (spectrum leakage, aliasing).
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Recovering signal from its samples
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The analogue signal (bandlimited to b = 2fb) can be exactly

recovered from its samples (uniformly spaced in time with 

frequency 2fb) by passing the samples through an ideal

lowpass filter with a bandwidth fb.
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Recovering signal from its samples
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Transmission of a sampled signal
apparent paradox
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Lowpass

transmission

channel B = fb
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The minimum bandwidth of the lowpass transmission channel

has to be equal to W = b in order to avoid signal distortions. 

However,  it follows that the signal transmitted in the channel instead of

being a train of equispaced samples is the original, analogue signal.

The paradox makes us doubting whether to use signal sampling

for a single signal transmission.
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TDM – Time Division Multiplexing

The signal transmitted in the channel is an analogue, composite signal

z(t) which equispaced samples are equal to samples of original signals

x1, x2,…xN.

The channel bandwidth necessary for transmission of the composite

analogue signal z(t) is equal to B = Nfb.
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Nf )2(
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b
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Time Division Multiplexing - example
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Pulse Amplitude Modulation (PAM)

Instantaneous sampling

Find the Fourier transform

of the PAM signal.



27

        





l

tlTtlTxt  πδ 00PAM

PAM - instantaneous sampling

spectral analysis

     





l

lTtlTxt 00PAM π

       

        tttxt

tlTtlTxt

T

l









πδ

πδ

0PAM

00PAM












 




     

0

0sPAM
2

Sa
2

Sa

T

lXXX
l













 






         

 


tc

l

lTttxtxtct 




 0PAM π

0T 

Pulse Amplitude Modulation (PAM)

Natural sampling (keying)

Find the Fourier transform

of the PAM signal.
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PAM - natural sampling – spectral

analysis

𝒄 𝒕 = 𝟐𝜺 

𝒍=𝟎

∞

Sa 𝒍𝝅𝜺 cos(𝒍𝝎𝟎𝒕)

𝝋𝐏𝐀𝐌 𝒕 = 𝟐𝜺 

𝒍=𝟎

∞

𝐒𝐚 𝒍𝝅𝜺 𝐜𝐨𝐬 𝒍𝝎𝟎𝒕 𝒙(𝒕)

𝝋𝐏𝐀𝐌 𝒕 = 𝒄 𝒕 𝒙(𝒕)

     

000

0PAM

;2

Sa

TT

lXlX
l







 




The carrier signal is periodic; its Fourier series is given by:

Natural sampling is given by:

Fourier spectrum of natural sampling is given by:



• Several signals of practical interest does not fit

the condition of limited energy to be Fourier transformable.

• The concept of the Dirac delta function makes possible to

determine Fourier transforms of some signals carrying

unlimited energy.

• The Dirac delta assignes to a signal its sample.

• The comb distribution (a sequence of periodically repeated

Dirac deltas) is useful when modelling a signal sampling

process and deriving a sampled signal spectrum.

• Signal sampling has to be performed at frequency

equal to a double signal bandwidth.

• Proper signal sampling does not result in a loss of intersample

signal values; an ideal lowpass filtering is sufficient for a signal

reconstruction.

Summary
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Set of orthogonal Sampling functions
Set of orthogonal Sampling functions:

Orthogonality over the interval (-, +):

The proof is based on the Rayleigh theorem:

  TnnTt   bb ;,2,1,0:Sa 

   

   







0SaSa

SaSa

bb

bb

dtnTtkTt

nTtkTt





   

    

















jnT

jkT

enTt

ekTt









b

b

2

b

b

2

b

b

Sa

Sa
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   

   

   
































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2
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b

b
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b
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





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







   
 

   

T

nTtnTx
T

nTt
nTxtx











 








b

bSaSa

The Kotielnikov-Shannon series:

is a Fourier series over a set of orthogonal sampling

functions; Fourier coefficients are equal to signal samples.
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Set of orthogonal Sampling functions
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